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OIIPEJAEJIEHUE MOMEHTA UHEPLIMU TEJ U ITPOBEPKA
TEOPEMBbI IITEMHEPA METOAOM KPYTHJIbHbIX
KOJEBAHUH

Hesb10 padOTHI sBIIsIETCS ONPEIEICHHE MOMEHTA MHEPIIMK T/ U IPOBEPKA
TEOPEMBI O TTAPAJIENIBHBIX OCSAX METOJOM KPYTHIIBHBIX KOJIEOaHU.

JOHOJJIHUTEJIBHASI TEOPUS JDKCIIEPUMEHTA

Eciu nans omHOpOAHBIX Ten TPOCTOM (OPMBI MOMEHT

1505(510)00%051 MOKHO 0e3 0COOBIX 3any,Z[HeHHﬁ BBIYMCJINTD
TCOPCTUYCCKH, T.C. I10 OIIPCACICHNUIO, TO JJIA TCII CJIOKHOM (bOpMI)I
Wi C HCPABHOMCPHBIM  PACIIPCACIICHUCM  MACChI HpHMOI;'I
TGOpeTI/I‘-IGCKI/Iﬁ PacdCT MOXKCET OKa3aTbCiA CIIOKHBIM M JAXKC
IMPAKTHYICCKU HCOCYIICCTBUMbIM. HOBTOMY OoJBIIION HHTCPCC

MPENCTABISAIOT  AKCIIEPUMEHTAJIbHBIE  METOJbl  OINpPEACIICHUS
MoMeHTa uHepuud. OJUH U3 HUX - METOJ KPYTUIIBHBIX KOJICOaHUIA
TPUPUIISIPHOTO MOJBECA - U3YYAETCS B HACTOSIILIEH 3a/1aue.
Tpugpunapuseiii moxsec NpeACTABISET COOOU KPYINYIO
wiatpopMy, TOJBEHICHHYI0 HAa TPEX HUTIX K HEMOJBMKHOMY JUCKY MEHBIIIErO
panuyca (puc.l). Ecnu margopMy, mycTyro WiIu € Tpy30M, IOBEPHYTh HA MaJIblii yroJi
BOKPYI' BEPTUKAJIBHOW OCHM M OTIYCTUTh, TO OHa OYJET COBEpIIATh JBUKEHUE,
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IPECTaBISIONIee COO0M Ba OJHOBPEMEHHO MPOUCXOASIINX KoJeOaHus: KojaeOaHue
"BBepX-BHU3" B BEPTHKAIBHOM HAIPABJICHUN U KPYTHILHOE KOJIEOAaHME OTHOCUTEIBHO
BEPTUKAIIBHOW OCH CHMMETPHUM Ioaseca. Jlerko Buners, 4to nepuos I KpyTHIBHBIX
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KoJieOaHmil BABOE OOJIbIINE Meproaa BEPTHKAIBHBIX KoJeOanuit (prc.2): 3a OUH U TOT
ke mpomexytok Bpemenu (I3 - 1) momBec coBepmIMT MONOBUHY KPYTHIBHOIO
Kosiebanus (PO U3 TOJOXKEHHS C MaKCUMAaJbHBIM YIJIOM OTKJIOHEHUsS +¢y B

IIOJIOZKCHHUE C MaKCUMAJIbHBIM 110 MOAYJIKO  yITIOM  OTKJIOHCHHA - B
IMIPOTUBOIIOJIOKHOM HaHpaBJIeHI/II/I) H OJHOBPECMCHHO ICJI0C KojicOaHue B
BCPTUKAJIbHOM HAIIPABJICHUHA (I/I3 HaAWBBICHICTO ITOJIOXKCHUA C h = ho 4Cpe3 HAMHHU3IICC

nonosxenue ¢ N = 0 cHoBa B HaMBEICIIEE MOIOKEHHE).

BriBeniem popMyity, CBA3BIBAIONLYIO MOMEHT MHEPIIUH CUCTEMBI "Tu1aTdopma +
rpy3" ¢ IepuoioM KpyTWIbHBIX KoseOaHuil. CHauasa BOCHOJIb3yeMcs 3aKOHOM
COXpaHEHHsT MexaHudecko sHepruu. Ha cucremy "mmardopma + rpy3" nmeicTByroT
CHJIBI TSDKECTH, CWJIbl HATSOKEHHs HUTe u  cuibl TpeHus. Cuisl TsSHKecTd
KOHCEPBATHUBHBI; pa0OTa CHJI HATHKEHUS PaBHA HYIIO, TaK KaK CUJIa HATSKCHHS
NEPICHANKYJISIPHA HAMpaBICHUIO JBMKCHUS TOYKH €€ TMPHIOKEHUS, T.€. TOYKH
3aKpeIUIeHUs] HUTH Ha Mat(opme; cujiaMu TPEHHs BBUAY UX MaJOCTH IIpeHeOperaem.
[TosTOMy, cOrJlacCHO 3aKOHY H3MEHEHUS U COXPAHEHHS MEXaHHYECKOW 3HEpruu,
MeXaHUYEeCKasl YHEPIUs pPacCMaTpUBAEMOM CUCTEMBI JOKHA COXPAHATHCS.

B tor momenr ({; ma pmc.2), xorma miardopma HaxXOAWTCS B HAHWBBICIIEM
MOJIOKEHUH, CUCTEMA 00J1a1aeT MOTEHIIMAIBLHOM SHEeprueit
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Ei];om =mgh, ,

rae M - Macca cuctemsl U J - yCKOpeHHe CBOOOIHOTO MAJCHUS, B TO BPEMs Kak ee
kuHeTnueckas sueprus £ = (0, Tak Kak B 5TOT MOMEHT CHCTEMa OCTaHaBJIMBaeTcs. B
JPYroii MOMEHT BPEMEHH, KOT[la CHCTeMa MPOXOIUT MojokeHue paBHoBecus (I Ha
puc.2), mvaodopor, £ = 0, tak kak h (t;) = 0, B To Bpemsa kak kuHeTHueckas
DHEPTUS CUCTEMBI

, &}

Kum 2

rac J - MOMCHT MHCPILHUN CUCTEMbI OTHOCHUTCIIBHO OCH

BpallleHUs, a (ph - €€ YIJIOBasg CKOPOCTb B MOMEHT
IIPOXOXKACHHUS ITOJIOKEHUS PABHOBECHSL.

ITpupaBHuBas 10 3aKOHY COXpaHEHUS
MEXaHUYECKOU SHEPIUu 3HAYECHUS IIOJIHOM

MEXaHHUUYECKOM 3HEpruu B MOMeHTHI {y, u Ty, nmeem

2
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mgh, = 1)

Beipazum Tternepp yrioByrO CKOPOCTb (I 4Yepes

MaKCHUMaJIbHBIN yrojix OTKIOHCHUA O . Cuuras
KPYTHUJIbHBIC KOJIeOaHus rapMOHHUYCCKHUMH, NMCEM

(p(t) =0, sin(z_l_—ﬂt + aj

I (p - aMImIMTyJa, 1 - epuos U ¢ - HavasbHas (asza.




Yrnosas CKOpPOCTh (I, COTTIaCHO ONIPCACIICHUIO, BEIPA3UTCS TAK:

d 27 27
w(t)= d—f = (po?cos(?ﬁt aj

. 27
W3 nocneareii hopMyIibl, ojaras COS(?'[ + o |=1, I MaKCUMAaJIBLHOTO 3HAYEHUS O

UMEEM:
=g
b = Po T
[Moncrasnss 3To Beipaxkenue B popmyiy (1), momyunm
1 27, ?
mgh,==-J | —2 2
h-Lo (2m) .

HakoHen, HaiizieM cBf3b MexIy BelnuuuHamu Ng u ¢p B Qopmyne (2). Ha puc. 3
N300paKEHbl TOJIOKEHUS] TOYKM 3aKpEIUICHUs HUTH B MOMEHT IPOXOXKICHUS
TIOJIOXKEHHST PAaBHOBECHS (4) ¥ B MOMEHT MaKCHUMaJTBHOTO TIogrheMa (A4;). 3aeck R = AO =
A0, - pamuyc nmardopmsr; I = C,0; - pamuyc BepxHero mucka; | = AB = AB - mmna
muty; Np= 00, = CC; - MakcHUManbHAsg BBICOTA TTOIBEMA; (P - MAKCUMAIBHBIA YIoOjl
nosopota. Kak Buano u3 pucynka, hg= CC; = BC - BC,. Ucnonszyem (hopMyiy s
Pa3HOCTH KBA/IPaTOB:

2 2
h,=BC -BC, = (BC)” - (BC,) : (3)
BC + BC,

2 o
Bxoasiye crofa BeJIUYMHBI Jerko BeruucauTh: (BC)” HaiizeM mo Teopeme
[Tudaropa u3 Tpeyronsuuka ABC

(BC)'= (4B)’ - (4C)*= 1*- R- 1Y, (4)

2
(BC1)® BeIpasum mo Tteopeme Iludaropa mz AA;BCi, ucmons3ys Takxke Teopemy
KOCHUHYCOB J1st cTopoHbl A;C; Tpeyroasauka A;C,0;

(BC.)® = (AB)” - (AC)* = I° - (R* + 1 - 2Rr COS ¢). (5)

[Ipn manpIX yriaax OTKJIOHEHHS WU TNpU yciaoBUM R ~ [ BeIpaxeHHe B
3HaMeHaTtene Gopmysl (3)

BC + BC, ~ 21. (6)



[Toncrapisis mosrydeHHbIe BeipaxkeHus (4)-(6) B popmyy (3), umeeM:
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. 2(0
h_2Rr(1—cos%) ZRrsin ?O
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Tak kak JJI4 MaJIbIX yIJIoB SINa ~ o, TO SIN , TAK 4TO

_Rryg}

h
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(7)

[Toncrainsist cootHotienue (7) B hopmyiy (2), MOTyduM:

Rrgy _1,47°¢;
o 27 T

OTKyJia

_MgRr _,

J=
47

(8)

[To aToi#t hopmyre, 3HAs COOTBETCTBYIOIIME TTAPAMETPhl CUCTEMbI U U3MEPHUB
NePHOJ] KOJIeOaHUH, MOYKHO BBIYUCIISITH MOMEHTBI HHEPITUH.

Ynpaxknenne 1
OIIPEAEJIEHUE MOMEHTA MHEPIHUU ITYCTOH
IHHJIAT®OPMbI

[IpenBapuTensHO YCIOKOUB TUIATHOPMY, COOOIIAIOT €i ClIa0blii BpallaTeIbHbIN
UMITYJIbC, CJIETKA JIEPHYB 32 BEPEBKY, IPUKPEIICHHYIO K BEPXHEMY TUCKY. AMILIUTYAA
BOZHUKIIMX KPYTWJIBHBIX KOJI€OAaHWH JOJKHA OBITh  CTOJb  Mayiol, 4TOOBI
MaKCUMaJIbHOE OTKJIOHEHHUE TOYKHM 3aKpeIJICHHs] HUTU B KAXKAYI0 CTOPOHY He
npeBblaio 1 cwm, MOCKONBKY MpH OOJBIIMX aMIUIATYIaX KojeOaHHsT MOTryT
CYIIECTBEHHO OTJIMYaThCs OT rapMoHndeckux. Kpome Toro, cienyer mo BO3MOKHOCTH
u30eratb  TOMEpEeYHbIX KoyiebaHuit 1uarpopmMbl. B oaMH W3  MOMEHTOB,
COOTBETCTBYIOUIMX MAaKCHUMaJbHOMY OTKJIOHEHHUIO IUIATPOPMBI OT MOJIOXKECHHUS

paBHOBECHs, BKIIIOYAIOT CEKYHJOMEp W H3MepsoT Bpems [ aBaanatd MOJHBIX
kosie6aHuii. YToObl UCKITIOUUTH BOZMOXKHYIO OIIMOKY B CUETE YKclia KojaeOaHui, OIbIT

MOBTOPSIIOT MATh pa3, J0OMBAasSCh TOr0, YTOOBI W3MEPCHHBbIC 3HAYeHHsS BpeMeHHu {
OTJIMYAIIUCH JAPYT OT JIpyra He OoJiee, YeM Ha (0,2—0,4) C.



Uto0Ob! m30€KaTh BBIYHMCICHUS MEpHoJa KOJeOaHUN M yMPOCTUTH MPOIEIYPY
OLICHKU TOTPEIIHOCTH, IiesiecoobpazHo BBecTd B dopmyny (8) Bmecto mnepuona 1’

HenocpecTBeHHo m3Mepsiemoe Bpems (T = 1/20)

mgRrt? (8a)
" 160077l
[Moncrasnss ciona B eaunuiiax CH cpennee 3nauenue { u npyrux BeiauymH,
BXoIAUMX B (opmyny (ykazaHbl B TaOJMYKE Ha CTOJIE), BBIYUCIAIOT MOMEHT
uHepuun 1IaTpopmel J,,. OLEHUB NOTPEIIHOCTH, 3ANUCHIBAIOT OKOHYATEJIbHBIN
pe3ynbTar

2 ﬂ: %

Ju=(0.%.) ke M ;

Yunpaxnenue 2
OINPEAEJEHUE MOMEHTA HUHEPIIMU INUJINHIAPA
OTHOCHUTEJIBHO ET'O OCH

JIBa OIMHAKOBBIX HIJIUHJPA Maccol M KaKIblil pacrojaratoT Ha miatdopme
OJIUH Ha IPYTOM TaK, YTOOBI UX OCH COBMAJAIUA C OCbI0 CHMMETPUHU TIATPOPMBI - JJIst
TOW 1end Ha IIaTGopMe HAHECEHa CHUCTEMa KOHIIEHTPUYECKUX OKPYKHOCTEH.

®opmyna (8a), e B KaueCTBE MACChl CHCTEMBI TEMEPD CIEAYET B3ATh cyMmy mMacc (M
+ 2M) margopMel M ¥ ABYyX HMIMHAPOB 2M, ONpeneauT MOMEHT MHEPLHHU BCeil

CUCTEMBI, T.€. CyMMy MOMEHTa WHEpHHH ImIaTGopmbl J,, U JIBYX OJMHAKOBBIX
MOMEHTOB MHEPIINH Jo MWIMHAPOB OTHOCUTEIHHO UX OCeH

(m+2M)gRrt®
160077

J =2],=

OTCIO)Ia AJIs1 KCKOMOT'O MOMCHTA MHCPIHUHU MUJIMHAPAa OTHOCUTCIBHO €TI0 OCH UMCCM

1| (m+2M)gRrt?
0 == ( )2 -J (80)
2 16007

CymmapHas macca IByX LuMHApoB 2M onpenensercs B3BEIIUBAHUEM.

Bpewms t aBaniaty koneGanuii CucTEMBI U3MEPAETCS TaK e, Kak B yrnpaxHenuu |.
OueHuB MOrpeIHOCTH, MPEACTABISAIOT OKOHYATEIbHBIN PE3yJIbTaT B BUJE

Jo=(t.) k2 M ; M= o,



PCKOMCH,Z[YCTCH TAKKC, USMCPUB ANAMETP HUIUMHAPA D, pacCuuTaTb MOMCHT

WHEPLUUN IUJIKMHAPA [0 TeopeThudeckor gopmyine Jo = 1/2 m (D/2)2 U pe3yJIbTaThl
COITOCTABHUTh.

YupaxHenue 3
INPOBEPKA TEOPEMBI O ITAPAJUIEJIBHBIX OCSX

Pacnonararot muimHAPHEL IO 00€ CTOPOHBI OT OCH MIAT(HOPMBI TaK, YTOOBI UX
LEHTPbl HAaXOJWIUCh HA OJHOW MPSMOM C LIEHTPOM IUIaT(GOPMBbI HA OJMHAKOBBIX
paccrosHusx ot Hero (puc.4). Onpeznensior paccrosaue 0 oT ocu HUIMHAPOB 10 OCHU
BpAILICHHUS:

rne D - juwamerp umimHzpa, a D'-
paccTosiHue MEXTY MaKCHMAaJILHO
VAQUICHHBIMU Jpyr OT Jpyra TOYKaMH
uuuHApoB.  uamertp D  usmepsercs
HITAHTEHUUPKYyJieM,  paccrosHue D' -
JIMHEHKOM.

ToyHO Tak Xe, KaKk B MPEIbIAYIIEM
VIOPAKHEHUU, W3MEPSIOT B IISATH  ONBITax

Bpems [ aBaanaTy KojaeOaHUil CHCTEMBI U IO
dopmysie (8D) BBIYHCIAIOT MOMEHT HHEPIIUH
Jowen TMIIMHIPA OTHOCHTENILHO OCH, MApaUICIbHOW OCH IWJIMHAPA W OTCTOSIICH Ha
paccrostauu d ot Hee.

3aTeM pacCUYMTHIBAIOT TOT XK€ MOMEHT HMHEPIMH TCOPSTHUCCKHU, IMOJIb3YSCh
TEOPEMOU O TTAPAVICIBHBIX OCAX

Pue .4

J ~=J,+Md?

meop

Bxoasanue crofa Macca nununapa M u paccrosuue d msmepeHnsl panee, a
MOMEHT UHEPIUHU Jg HIWIMHPA OTHOCUTEIBHO €r0 OCH BBIUKCIICH B YIIPAXKHEHUU 2.
Or11eHUB MOTPEITHOCTH Ji71s1 000UX CIIOCOO0B, COMIOCTABIISIFOT PE3YJIbTATHI

Joken = (. 2£.) ke M %: ...%.
0
— 2. AJy _
Jmeop - (---lL...) KZM y TOO_ --%-



YupaxHenue 4
OINPEJEJEHUE MOMEHTOB MHEPLIUU
NPAMOYI'OJIBHOT'O MAPAJJIENUIIEJA OTHOCUTEJBHO
EI'O OCEM CUMMETPUN

Pacrnionaras napaiuienenumnes; Ha MmaT@opMe Tak, YTOObI C OChIO CUMMETPHUH
MoJiBeca COBIaJajia OJHA U3 €ro Ocel CUMMETpuH, Hampumep, och 1 Ha puc.5,
OTNPEENSIIOT €r0 MOMEHT MHEPIUHU J; OTHOCUTEIBHO 3TOH OCH TEM K€ CIOCO0O0M,
KaKUM OIpeIessuics MOMEHT MHEPIMH LUIMH/IPA B YIIPAXKHEHUU 2, TI0 (hopmyrie

_(m+M)gRrt*

! 160072

Macca napayuenenunena M onpenenseTcs B3BELNBAHUEM.

AHaNOrMYHO HAXOAAT MOMEHTBbl uHepuuu J, U J; mapamienenunena
OTHOCUTENBHO oceil 2 u 3. OUEHUBAIOT MOTPEIIHOCTH U PE3yabTaThl MPEICTABISIIOT B
BUJIC

— 2. AJ, _
Ji=(.A.)kem; —=_..%.
Jl
2. AJ, _
bh=(.£)kem; —2=.%.
J5
2. AJy _
J3=(..%.) kem"; —=..%.
J3
Pexomennyercs, U3MEpPUB CTOPOHBI
napajuiesieNuIe a, BIYUCIUTh 3TH K€ MOMEHTHI /3 ] q
uHepuuu Ji, J; U J3 TEOpPETHUYECKH U, OIICHUB
MOTPEIIHOCTH, COMOCTaBUThL C pe3yabTaTaMHu, Fae.3

THOJTyYEHHBIMU SKCIIEPUMEHTAIBHBIM METOIOM.

3AMEYAHME: Orenka Bcex NOrpenIHOCTEN B TOM 3a1ade MPEACTaBiIsIeT
COOOM  JIOBOJIHO ~TPYAOEMKYIO — OIEPAlMI0, IO3TOMY BBIYUCIICHHE HEKOTOPHIX
HOIPEIIHOCTEM, [0 COMIACOBAHMIO C TPEOAABATEIEM, MOYKHO OITYCTHIE.

BOITPOCHI JIs1 CAMOITPOBEPKHU

1. Haiite onpeneneHue MOMEHTa MHEPIMU MAaTEPUAIIbHON TOUYKU U TBEPAOTO Teja
KOHEYHBIX pPAa3MEPOB OTHOCHUTEIIBHO OCH. B KakoM ciydae Teno MOXHO
CUMTATh MAaTEPUAIBHOU TOUKOW?

2. Chopmynupyiite Teopemy [roiirenca-llltelinepa o mnapauieNbHBIX OCHX.
OTHOCHUTENIBHO KaKoi Ocu (M3 BCEBO3MOXKHBIX OCEH 3aJJaHHOT'O HANpPABIICHUS)
MOMEHT UHEPLIMU TeJIa MUHUMAJIEH?

3. 3anuummuTe U TIPOKOMMEHTHPYWTE YypaBHEHUE MOMEHTOB (ypaBHEHHE
BpAalllaTeIbHOIO JIBUKEHUSI TBEPJOTO TEJIa OTHOCUTEIBHO OCH); MOSICHUTE, KaK
U3 HEro BhITEKAaeT (PU3MUECKUI CMbICII MOMEHTa nHepuuu. Jlaite onpeneneHue
MOMEHTA CHJIBI OTHOCUTEIBHO OCH.
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Chopmynupyiite 3akoH CoxpaHeHHsT MexaHWdeckod sHeprun. OObscHHTE,
MOYEeMY OH BBINOJIHSIETCS B YCIOBUAX JaHHOM 3a/1auu.

BriBenure pacueTHyro ¢GopMmyiy i MOMEHTa WHepIuu IatrdopMbl. Yem
CJIeIyeT 3aMEHUTh Maccy IIaTGopMbl B 3TOH hopmyrie, eciau mpu IpOBEICHUN
OTbITa Ha TUIATPOpPME HAXOATCA Tea?

JlaiiTe onpezeneHne yrioBoil CKOPOCTH U YIJIOBOT'O YCKOPEHHUS.

Hanumurte gopMyily rapMOHMYECKOTO KOJIEOAHUS U JalTe ONMpEIEeICHHs ero
XapakTEepUCTHKaM (Mepuojd, 4YacToTa, KpyroBas (LMKIMYECKas) YacroTa,
aMIuInTya, dasa).
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